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Abstract
We deal with approximate solutions of the following composite functional equation:
T (T (x)− T (y)) = T (x + y)+ T (x − y)− T (x)− T (y),
where T is a continuous function from a Banach space to itself. An extension of Ulam’s problem, known in
the literature as the Ulam–Gaˇvruta–Rassias stability problem, is answered affirmatively for this equation.
As a corollary we obtain an approximate property of continuous Banach space projections.
c⃝ 2010 Elsevier Inc. All rights reserved.
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1. Introduction
The story of the stability of functional equations dates back to 1925 when a stability result
appeared in the celebrated book by Po´lya and Szego˝ [33].
In 1940 Ulam [45] stated his famous problem concerning the stability of group
homomorphisms:
Let (G1, ·) be a group and let (G2, ◦, d) be a metric group with the metric d . Given ε > 0,
does there exist δ > 0 depending upon ε such that if a mapping h: G1 → G2 satisfies
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d(h(x · y), h(x) ◦ h(y)) ≤ ε for all x, y ∈ G1, then there exists a group homomorphism
H : G1 → G2 such that d(h(x), H(x)) ≤ δ for all x ∈ G1?
In 1941 Hyers [23] answered the Ulam’s question for mappings acting between Banach
spaces. More precisely, he proved that if ε > 0, E1 and E2 are arbitrary Banach spaces and
f : E1 → E2 satisfies
‖ f (x + y)− f (x)− f (y)‖ ≤ ε, x, y ∈ E1
then there exists a unique additive mapping L: E1 → E2 such that
‖ f (x)− L(x)‖ ≤ ε, x ∈ E1.
In 1950 Aoki [2] generalized the result of Hyers to the case with unbounded right-hand side:
‖ f (x + y)− f (x)− f (y)‖ ≤ ε(‖x‖p + ‖y‖p), x, y ∈ E1.
This problem was also discussed in 1978 by Rassias [35] and in 1991 Gajda [15] provided a
counterexample to the singular case p = 1; for some historical remarks see [29].
Beginning from the 1980s, Rassias [36–42] and later Gaˇvruta and other authors have
developed the concept of the Ulam–Gaˇvruta–Rassias stability. The main idea of this stream
of research is to consider the product of some powers of norms as an error function instead of
their sums. For further results see [1,16–20,31,32], among others.
Beginning in the second half of the 20th century, a vast number of results concerning various
modifications of the Ulam problem have been published, which shows that stability problems
appear naturally in almost all areas of mathematics, both pure and applied. We refer the reader
to the following survey papers and books: Forti [13], Ger [21], Hyers et al. [24], Moszner [30],
Sze´kelyhidi [43].
However, our level of knowledge is much less satisfactory in the case of composite functional
equations, which are generally considerably harder to deal with. A functional equation is said to
be of composite type if the values of the unknown mappings appear also as arguments. One of
the best known examples of such an equation is the Goła˛b–Schinzel functional equation:
f (x + y f (x)) = f (x) f (y)
introduced in 1959 by Goła˛b and Schinzel [22]. Stability results for this equation were published
by Brillouët-Belluot and Brzde˛k [3], Charifi et al. [4], Chudziak [5–9], Chudziak and Tabor [10],
among others.
Another important example of composite functional equations is the translation equation
F(t, F(s, x)) = F(s + t, x).
The stability of this equation was studied by Jabłon´ski and Reich [25], Mach [27], Mach and
Moszner [28], Przebieracz [34], among others.
The purpose of the present paper is to study the stability of the following composite functional
equation:
T (T (x)− T (y)) = T (x + y)+ T (x − y)− T (x)− T (y). (1)
This equation was introduced by the author in [11]; see also [26]. Let us note that the following
similar equation:
|T (x)− T (y)| = T (x + y)+ T (x − y)− T (x)− T (y), (2)
and its stability are discussed in [12].
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The study of (1) and of (2) is motivated by the following elementary identity for x, y ∈ R:
||x | − |y|| = |x + y| + |x − y| − |x | − |y|,
which was observed in 1930 by Tarski [44]. Moreover, all additive and idempotent mappings
of an Abelian group to itself are solutions of Eq. (1). The following two statements from [11]
describe solutions of (1) and are needed in what follows.
Theorem 1 ([11, Theorem 7]). Assume that (G,+) is an Abelian group uniquely divisible by 2.
Function T : G → G is a solution of (1) and satisfies
T (G) ⊂ −T (G)
if and only if T is additive and T ◦ T = T .
Theorem 2 ([11, Theorem 11]). Assume that T :R → R is continuous at zero. Then T is a
solution of (1) if and only if one of the following possibilities holds:
(a) T (x) = 0 for each x ∈ R;
(b) T (x) = x for each x ∈ R;
(c) T (x) = |x | for each x ∈ R;
(d) T (x) = −|x | for each x ∈ R.
2. Main results
Theorem 3. Assume that E is a Banach space, ε ≥ 0 is arbitrarily fixed, a, b ∈ R satisfy
a + b ≠ 1 and F : E → E is continuous and satisfies the inequality
‖F(F(x)− F(y))− F(x + y)− F(x − y)+ F(x)+ F(y)‖ ≤ ε‖x‖a‖y‖b, (3)
for each x, y ∈ E˜ , where E˜ = E if a ≥ 0 and b ≥ 0 and E˜ = E \ {0} otherwise. Then there
exists a unique mapping T : E → E such that T satisfies (1) for each x, y ∈ E and





2− 2a+b ε, if a + b < 1;
1
2a+b − 2ε, if a + b > 1.
(5)
Moreover, T is continuous on E˜.
Proof. Our first step is to apply (3) for y = x to get the inequality
‖F(2x)− 2F(x)‖ ≤ ε‖x‖a+b, x ∈ E˜ .
Now, we can apply the standard technique developed by several authors (see e.g. [36–42] or [14])
to get that there exists a unique mapping T : E → E such that T (2x) = 2T (x) for each
x ∈ E and the estimate (4) is fulfilled (this reasoning is inductive and relies on replacing x with
2x or with 2−1x in the above inequality, then respectively multiplying or dividing both sides
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by 2, repeating the procedure n times and then adding all inequalities obtained side by side and
using the triangle inequality). Moreover, T is represented as the following limit:
T (x) = lim





, x ∈ E,
if a + b < 1 and




, x ∈ E,
if a + b > 1. Further, the following inequality holds true:
‖F(x)− Fn(x)‖ ≤ ∆n‖x‖a+b (6)




2− 2a+b [1− 2
n(a+b−1)], if a + b < 1;
ε
2a+b − 2 [1− 2
n(1−a−b)], if a + b > 1.
Note also that in the special case a + b = 0 the convergence of Fn is uniform (this fact can be
derived from the estimate (7)).
Now, arbitrarily fix k ∈ N and replace x with 2±k x in (6) and multiply both sides of this
inequality by 2∓k to get
‖Fk(x)− Fk+n(x)‖ ≤ ∆n2±k(a+b−1)‖x‖a+b. (7)
Next, from (7) we obtain the estimate
‖Fk(x)− T (x)‖ ≤ c · 2±k(a+b−1)‖x‖a+b,
where c is given by (5). Finally, using the triangle inequality, from this estimate and from the
continuity of Fk one can derive the continuity of T .
Employing the above facts we get
‖F(Fn(x)− Fn(y))− Fn(Fn(x)− Fn(y))‖ ≤ Φn(x, y),
for each n ∈ N and each x, y ∈ E , where
Φn(x, y) = ∆n ‖Fn(x)− Fn(y)‖a+b x, y ∈ E .
Clearly, for each fixed x, y ∈ E we have
lim
n→+∞Φn(x, y) = c‖T (x)− T (y)‖
a+b.
On the other hand, we deduce the following estimate from (3):
‖Fn(Fn(x)− Fn(y))− Fn(x + y)− Fn(x − y)+ Fn(x)+ Fn(y)‖
≤ 2σn(a+b−1)ε‖x‖a‖y‖b,
for each n ∈ N and each x, y ∈ E˜ , where σ = 1 if a + b < 1 and σ = −1 if a + b > 1. By
adding the last two inequalities side by side, and by the triangle inequality we arrive at
‖F(Fn(x)− Fn(y))− Fn(x + y)− Fn(x − y)+ Fn(x)+ Fn(y)‖ ≤ αn(x, y),
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for each n ∈ N and each x, y ∈ E˜ , where αn(x, y) is given by
αn(x, y) = Φn(x, y)+ 2σn(a+b−1)ε‖x‖a‖y‖b, x, y ∈ E˜ .
Now, pass n →+∞ and use the continuity of F to reach the inequality
‖F(T (x)− T (y))− T (x + y)− T (x − y)+ T (x)+ T (y)‖ ≤ c‖T (x)− T (y)‖a+b,
satisfied for each x, y ∈ E˜ .
Now, replace x with 2σn x and y with 2σn y, multiply both sides of the resulting inequality by
2−σn and use the 2-homogeneity of T to get
‖Fn(T (x)− T (y))− T (x + y)− T (x − y)+ T (x)+ T (y)‖
≤ c2σn(a+b−1)‖T (x)− T (y)‖a+b
for each n ∈ N and each x, y ∈ E˜ . It is enough to let the integer n tend to +∞. We verify that
T satisfies (1) for each x, y ∈ E˜ . Note also that by the equality T (2x) = 2T (x) for all x ∈ E
and by the continuity of T on E˜ Eq. (1) is fulfilled also if x = 0 or y = 0, which completes the
proof. 
The following corollary provides a solution to the classic problem of Ulam for functional
equation (1).
Corollary 1. Assume that E is a Banach space, ε ≥ 0 is arbitrarily fixed and F : E → E is
continuous and satisfies the inequality
‖F(F(x)− F(y))− F(x + y)− F(x − y)+ F(x)+ F(y)‖ ≤ ε, x, y ∈ E . (8)
Then there exists a unique mapping T : E → E such that T satisfies (1) for each x, y ∈ E and
‖T (x)− F(x)‖ ≤ ε, (9)
for each x ∈ E. Moreover, T is continuous.
Proof. It is enough to apply the previous theorem for a = b = 0. 
In the next corollary we show that under an additional assumption in the special case
a = b = 0, the mapping T postulated by Theorem 3 is a continuous real Banach space projection
(by projection we mean a linear self-mapping which is idempotent).
Corollary 2. Assume that E is a real Banach space, ε ≥ 0 is arbitrarily fixed, F : E → E is
continuous, F satisfies inequality (8) and
F(E) ⊆ −F(E). (10)
Then there exists a unique projection T : E → E such that estimation (9) is fulfilled for each
x ∈ E. Moreover T is continuous.
Proof. By the previous corollary we get a unique solution T : E → E of (1) which satisfies (9)
and is continuous. Next, let us note that the set T (E) is closed in E . To show this we need the
fact that each solution T of (1) satisfies T ◦ T = T ; see [11, Lemma 1]. Clearly a map S given
by S(y) = T (y)− y for y ∈ E is continuous. Moreover T (E) = S−1({0}) and therefore the set
T (E) is closed.
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Now, we can prove that T is a Banach space projection. First, we will show that for all x ∈ E
there exists y ∈ E such that
‖T (x)+ T (y)‖ ≤ 2ε. (11)
Fix x ∈ E . By our assumption (10) we can find y ∈ E such that F(x) = −F(y). Next, by (9)
we deduce that
‖T (x)+ T (y)‖ = ‖T (x)− F(x)− F(y)+ T (y)‖
≤ ‖T (x)− F(x)‖ + ‖T (y)− F(y)‖ ≤ 2ε.
Now, fix arbitrary n ∈ N and s ∈ E and apply (11) for x = 2ns to get the existence of y ∈ E
such that
‖T (2ns)+ T (y)‖ ≤ 2ε
(note that y may depend upon n). Define tn = 2−n y to arrive at
2n‖T (s)+ T (tn)‖ = ‖T (2ns)+ T (2n tn)‖ ≤ 2ε.
Equivalently
‖T (s)− (−T (tn))‖ ≤ ε
2n−1
,
for all n ∈ N. Therefore
lim
n→+∞ T (tn) = −T (s).
Since the set T (E) is closed then there exists t ∈ E such that T (t) = −T (s). Consequently,
we deduce the inclusion T (E) ⊆ −T (E). Next, apply Theorem 1 to get that T is additive and
T ◦ T = T . From the continuity of T we derive its linearity (to be precise: additivity implies
Q-homogeneity and this jointly with the continuity implies R-homogeneity), which completes
the proof. 
Remark 1. The proof of Corollary 2 relies on the fact that the right-hand side of the inequality
discussed does not depend on x and y. We do not know whether the assertion of this corollary
is true if one replaces (8) by the more general (3) and simultaneously (9) by (4). Besides, one
may ask about a generalization of all foregoing results, in the spirit of the Gaˇvruta approach, to
the case where the right-hand side of (3) is replaced by a two-place mapping ψ satisfying certain
conditions.
Our last corollary describes continuous solutions of (3) on the real line.
Corollary 3. Assume that ε ≥ 0, a, b ∈ R satisfy a + b ≠ 1 and F :R → R is a continuous
solution of
|F(F(x)− F(y))− F(x + y)− F(x − y)+ F(x)+ F(y)| ≤ ε|x |a |y|b, (12)
postulated for each x, y ∈ R if a ≥ 0 and b ≥ 0 and for each x, y ∈ R \ {0} otherwise. Then
exactly one of the following possibilities holds true:
(a) |F(x)| ≤ c|x |a+b, x ∈ R;
(b) |F(x)− x | ≤ c|x |a+b, x ∈ R;
(c) |F(x)− |x | | ≤ c|x |a+b, x ∈ R;
(d) |F(x)+ |x | | ≤ c|x |a+b, x ∈ R;
where c is defined by (5).
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Proof. The assertion immediately follows from Theorem 3 combined with Theorem 2. 
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